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Preface

Quantitqtive and precise are the contributiohs‘Which mathe—
matics scdtters around man’s history. It is only when a vague ideda
@on be put ina precise mathematical form that the consequences
of any physical idea can be worked out and its scientific value as—
sessed.

A young man learns mathematics and, unable to understand
or to express the emotion that it rouses in him, concludes that it
must be the gateway to a world that lies beyond. But when he
wants to find a delectable answer to a difficult problem ina short

time without

uch cerebration,he would surely fail.

Mcthematxés regresses to where it comes from — the uni—
verse, and the Former accords .a powerful impulse to the explo—:
ration of the latter. For instance, the cryptic Pluto hos been found
due to the calculation of the equations thot the kmemdtlc behav—
iors of other planets satisfied. '

So,we conclude that mothemctlcs is culturc\l more than phe—
nomenal, oesthetxc more than vulgar ond spnrltucu more thcm sub—: "

s’contrcl
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@ Summary

In this paper, we study congestion phenomenon at toll plazas in the highway and build the
criterion to evaluate the performance of different numbers of tollbooths. In the criterion we take

into account two factors: the average delay time for each driver and the workload of the booths.

At the beginning, we divide the problem into two related sub-systems, the entry and exit
sub-systems. We use the traditional Queueing Theory in the first sub-system and thé stochastic
simulation method in the second sub-system. Considering the following three cases, “Single
lane-sgingle booth”, “Single lane-multiple booths” and “Multiple lanes-multiple booths”, we
gradually build our model. And we point out that the third case is factually a simple application
of the second one. Then we work out the optimal number of booths under certain conditions.
Next, we consider the scenario of one booth per lane, finding that whether this is better than the

current practice depends on the traffic density for any given number of the lanes.

Moreover, we consider different paying styles to make our model more realistic and compare
our model with that of reference [2] finding that under certain conditions; ours works better

than theirs. Also we take into account different vehicle types later.

At last, after analyzing the fundamental reason for the blockage at the exit, we build our future
model to eliminate it. According to the result of simulation, our future model works much

better than the current practice especially when the traffic is rather heavy.

® Background

Usually in the heavily traveled toll roads, there are many toll plazas. The plazas always
interrupt the driving of the vehicles, thus leading to the complaints of the drivers. If the number
of the tollbooths equals to that of the lanes, blockage would happen when the traffic peak time
comes. Nowadays, to mitigate the conflict, many toll plazas build more tollbooths than the
number of the lanes to meet the quick passing request of the drivers. But this leads to another
problem: when the traffic is rather heavy, those vehicles getting out from the booths would
congest when they try to get back to the highway. And sometimes their total delay time may
increase as a matter of fact. So the tollbooths number is not the larger the better.

.9.
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Thus it is necessary to determine the optimal number of the tollbooths at the plaza to satisfy the

drivers. But only pay attention to the annoyance of the drivers may be impractical sometimes

and we must take into account the conditions of the plaza itself. So we will act as a coordinator

between the drivers and the plazas now.

® Assumptions

The number of the coming vehicles in the unit time conforms to the Poisson distribution,

1.
since the coming vehicles conform to the three properties of the Poisson flow. I

2. The serving time for a vehicle at a given tollbooth conforms to the negative exponential
distribution.

3. The number of the vehicles is infinite, i.e. the number of the vehicles can be as large as
possible if the time period is long enough. Since our research object is heavy traveled road,
it is natural to assume this.

4. The serving capacity of the tollbooth is infinite, i.e. they would never stop the allowance
for waiting due to the waiting vehicles exceeding a certain number,

5. All kinds of vehicles can run on every lane of the highway, and change their lanes without
time cost,

6. Those who pass the tollbooths first would return to the highway first. This is the fair
principle.

® Definitions of Constants and Terms ’

I, : The average waiting time caused by the toll plaza.

L, - The average waiting time when a vehicle tries to get in the toll plaza.

!, The average waiting time when a vehicle tries to get out the toll plaza.

I, : The time a vehicle going back to the highway from the exit of the plaza.

I, : The expected serving time of a vehicle.
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P+ The average workload of the tollbooths. The workload of a tollbooth is the percentage of
time that a tollbooth is serving drivers,

P, - The proper workload of a tollbooth.

@, , @, . The weight coefficients in the goal function.

¢& : The adjusting number Qf the weight coefficients.
¢

A : The average coming rate of the vehicles in a given time period.

A © The largest coming rate of vehicles in a year.

M : The expected serving rate of the tollbooth.

7 : The number of the lanes.

m : The number of the tollbooths.

my, : The optimal number of m . In our paper, my, depends on the value of A and 7.

L : The tolerable number of waiting vehicles in the line before a driver would choose another

paying style in the development of the model.

@, : The ratio of drivers who select the 7 ™ paying style to the total coming vehicles.

® Criterion for Finding The Optimal Number of Tollbooths

1. The influencing factors:
a) The average waiting time caused by the toll plaza f,. This variable is the sum of three

variables: the average waiting time when a vehicle tries to get in the toll plaza 7 ,, the

wi 3
average waiting time when a vehicle tries to get out the toll plaza 7, and the serving
time f,.

b) The average workload of the tollbooths p .

-11-
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2. The criterion

 We set the weight coefficient of the two factors by @,,@,(0 L@, @, <10 +w, =1) and
define our goal function as G(7,, p) = al, +a)2§l p- Pol' We want the G(7,,p) to be
the smaller the better, hence the 7, to be the smaller the better and the difference between p
and p, to be the smaller the better. The selection of @, @, depends on the manaéer’s view

on the two factors.

3. Why this criterion:
Firstly, from the perspective of the drivers, what they want most is the shortest time cost caused

by the toll plaza.

Secondly, from the perspective of the tollbooth managers, a too low workload, which means
the low usage, is of course undesirable. On the other hand, a too high workload would tire the
employees out, which is also undesirable. So we denote the best workload by 0, and hope

p tobenearto p,.

Finally, we set an adjusting number of the weight coefficients £ since the value of the 7, is

always much higher than that of ‘ p- pQ} and this would conciliate their influence. 7

® Analysis of The Problem

Considering the real process of a vehicle passing a toll plaza, this process can be divided into
three parts: entering tollbooths, serving in the tollbooths, and departing from the toll plaza.
Since the part of serving in the tollbooths depends on the instinct property of the tolibooths,

this part has little space for optimization in this problem. So we focus our effort on the

optimization of the other two parts.




Picture 1

Toli Plaza

-« Entry Sub-system

Exit Sub-system

#
Look at picture 1, the problem consists of two related sub-systems: the entry sub-system and

the exit sub-system both of which are queueing problems. In the entry sub-system, we can
solve this part of the problem with Queueing Theory; however, as to the exit sub-system, since
the distribution of the vehicles getting out from the tollbooths is not uniform to the time, the
traditional Queueing Theory cannot solve this part of the problem well. So we choose the

stochastic simulation, which is used very popularly, to overcome the difficulty.

® Initial Model for The Problem

+ For Single lane, is single tollbooth enough?

1. The model
After a vehicle comes to the tollbooth, if there has been another one in the tollbooth, this one
would have to wait. We can apply the Queueing Theory to this situation.

As it known, a typical queuing system can be described as the following form:

X/Y1Z]/AIBIC

X : Guest distribution

Y : Serving time distribution
Z : Number of serving desks
A : Maximum system capacity
B : Number of guests in total

C : Serving rule

.13-




Using the knowledge of it, the Single lane-single tollbooth can be denoted as the following

form:
M/M/1/0/w/FCFEFS

Here, M denotes that the time interval conforms to negative exponential distribution,

and FCFS denotes the “first come first serve” rule.

Please note that in this case the blockage at the exit would never occur, so we have t,,=0.

Thus, using the results of ‘the Queueing Theory, we can get the following theoretical
conclusion:

The average waiting time £, is:

1
H(1-p)

w

(p= il—) (Equation 1)
H

2. The problem the model indicates

From equation 1, we can know that for a given serving rate 4, when the coming rate of the
vehicles A increases, the average waiting time ¢, would increase rapidly. Especially, when
the coming rate approaches the serving rate limit, the delay would become unbearable. To

#
clearly demonstrate this, we set u = % (vps) (vehicles per second) to get the figure below:

<14
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Figure 1
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Ratio of the coming rate to the serving rate

To resolve this nightmare, in single lane we actually need multiple tollbooths.

¢ Multiple tollbooths are needed!

1. Additional assumptions
a) A coming vehicle will wait in the lane if every booth is busy. When some booth is free,
it will go serving immediately. This assumption will make sure the waiting time for the
vehicle is minimal.

b) The serving rates of every booth are the same.

2. The model
For the entry sub-system, we moderate the number of the tollbooths to m in the former case

and get the following queueing model:

M/M/m/ow/o/FCFES

And we get the theoretical results below !!:

-15-
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To give the expression of the goal function, we have to determine the f,,- Generally speaking,
the traditional Queuing Theory cannot resolve this situation well. So we resort to the simulation

method, which can solve this smoothly.

This is the main flowchart of our algorithm to simulate the toll plaza. For different toll plaza
configurations and serving strategies, we can merely change the “Process block” to fit different

situations.

Main Flowchart

(Start simulating )

Generate fraffic flow

X (Process block) !
: Dealing with toll coliection :

with different strategy.

Compute average wait
time and warkload.

(Simulation over)

In this model, the “Process block” is:




- S

Process Block 1

...........................................

single lane-multiple booths process block

Vehiclas is coming.

Some booths are free Every booth is on serve

Choose any booth
to get semve.

\

Ta the exitleave or
walt while blockage

Wall for its tumn.

...........................................

3. Determining the optimal number under given conditions

To get the optimal number, we should know the value of A, x4, @, @, and &. p isthe
instinct property of the tollbooth which is a constant. For a given toll plaza, @, @, and &
are also constants. So the key problem is to determine the corresponding optimal m for a

given 4.

As an example, we set A=Y (wps), u=Y%Ops), @ =06, w,=04, p,=0.6,
t,=2s and &=25. We have simulated the process for 50 times to get the result. Here are

the results of the simulation: ‘
Table 1

m 1 2 3 4 5 6

t, 39.2126 8.8861 6.1605 5.8699 6.0633 5.6931
P 0.65200 0.5122 0.442 0.4437 0.4793 0.4293
G 30.0475 10.4542 8.1163 7.9594 8.4305 8.8203

From the table above, we can see that the goal function G reaches the minimum value at
.17-
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m =4 while /1=%(vps).

To clearly understand the trend of G while m increases, we could refer to the figure below.

Figure 2
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Goal value
\

From the figure above, we can see that the value of G decreases while m <4 and increases
after m reaches 4. Noting that the goal function G(r,,p)=wyt, +a)2§l fo pol, the first
part is monotonic increasing about #, and the second part has and only has one turning point
about p. At the same time, f, and p are both monotonic decreasing about m . ?o G
has and only has one turning point about 7. When m is small, vehicles would block more
easily when entering the booth and the waiting time is very long. So the f, is much larger
than & ‘ o p0| and becomes the chief influencing factor. While 7 increases a little, the 7,
would decrease, hence leading to the decrement of the value of G . After m reaches 4, a

larger m would not decrease the value of £, since they are more than necessary. But at the

same time, the value of © becomes smaller and smaller, hence & [ L= ;:M larger and larger.
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So fl P ,00} becomes the chief influencing factor and the increasing 5] fo i poi leads to

the increment of G .

As we have said, the optimal number of 1 depends on the value of A . Different A s would

cause different 7, s. The table below will show this more clearly. (The m, s are underlined.)

Table 2
G \'m
1 2 3 4 5 6
Y
60 4.4093 4.0523 4.1249 4,1342 4.6528 4.7285
30 6.0905 4.6514 4.7141 4.9456 4.9005 5.1873
15 9.0681 9.7805 9.2406 8.4212 8.7977 8.8924
7 30.0475 10.4542 8.1163 7.9594 8.4305 8.8203
2 907.5653 445.4411 63.0384 20.5938 17.0794 17.6423

In this table, we value A from %O(Vps) (which means a low density of the traffic) to
%(Vps) (which means a heavy traffic) to see the corresponding m,s. We can note that

when A increases, m, also increases. This fact corresponds to the common sense.

Something needs to pay attention to about the table:

a) According to our analysis above, G has only one turning point about # . So before m
reaches m,, G should monotonically decrease and after m reachesm,, G should
monotonically increase. But some data in the table do not conform to this discipline. This

is caused by the instinct limitation of stochastic simulation.

-19.
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b) When /1=% and m=1,2, the value of G is incredibly large. This is because the
coming rate of the vehicles transcends the dealing ability of the toll plaza, i.e. A>mu.
Under this condition, the length of the queue would become longer and longer as time goes.
Our simulation time for the process is limited and if the time could be as long as possible,

the value of G would approach infinite.

4. The actual process of determining m,

Firstly, the managers should determine the @,, @,, pP,and & according to their strategies.

Secondly, they should choose the value of A as the standard to find nz, . Practically
speaking, if the variance of the distribution of A in a whole year time period is not large, we
could simply choose the expectation of A as the standard to determine 71, . But if the variance
of the distribution of A is too large and we still choose the expectation of A4 as the standard,
the status A >m,u may last for a rather long time, and the length of the queue would
become longer and longer, thus leading to the collapse of the system. To avoid this disaster, we
must pay attention to the maximum A, A . We should determine the value of A, by
referring to the historical records and the traffic forecasting models. And then we choose the
e @s the standard to determine 1, . But building m, tollbooths does not mean they are

opening all the time. In fact, some of them are closed in the usual time and open only in the

peak time of a year. These tollbooths are called “redundant but useful” ones.

290 -
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¢ Multiple lanes-multiple tollbooths is more usual

We denote the number of the lanes by 7 (Usually, we have m>n). Suppose in the i” lane,

the number of the coming vehicles in the unit time conforms to the Poisson distribution

P(L).

1. éAdditional assumptions
a) A coming vehicle will wait in the lane if every booth is busy. When some booth is free,
it will go serving immediately. This assumption will make sure the waiting time for the
vehicle is minimal.

b) The serving rates of every booth are the same.

2. The model
For the entry sub-system, according to the assumptions above and the additivity property of the
Poisson distribution, the coming vehicles in the unit time of the total # lanes also conform to

n .
a Poisson distribution P(Z A;). So if we know the total coming rate (in fact, the data we
i=1

could get is also the total coming rate), the first part of this model becomes that of the “Single
lane-Multiple tollbooths™.

For the exit system, here 7, not only depends on the value of A, but also depends on the
value of » since for any fixed m, the larger 7 is, the shorter time it takes to get out.
However, the “Process Block” of the flowchart is the same as the former one and we need only

to change some details when program.

More Booths Or Exactly One Booth Per Lane?

Next we would compare our results with the scenario where there is exactly one tollbooth per

incoming travel lane to determine under what conditions is this more or less effective than the
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current practice.

We use the “2003 average daily traffic counts of 1-95 south of Us 70 Business” P! to calculate
the expected A . Since the average daily traffic counts there is 40,000, we divide it by the
working time, namely 86,400 seconds, and get the A to be 0.4629(vps). And the number
of the lanes is 3 there, ie. n=3. Again we suppose 4 to be Y(wps), @, =0.6,
w, =04, p,=0.6 and £=25.

?g We run our model again and find that according to our model, the number of the tollbooths

1
)
l
1

should be 4 while exactly one tollbooth per incoming travel lane means there should be 3.
According to our criterion, the 4 tollbooths work better than 3 tollbooths. But this is the case
when A=0.4629(vps) which is the expected A of the year 2003. And in many specific
time of that year, the corresponding A may be different, so which is the better one is not all

the same. Next we would compare them under different A4 values.

‘ Table 3
|
\ A (vps) The value of G when m=3 The value of G when m=4
0.0333 9.4221 9.7118
0.0417 9.5776 9.6225
0.0556 9.4128 9.5982
0.0667 9.1048 9.3783
0.0833 8.9661 9.1221 ;
0.1111 8.6270 8.8721
0.1429 8.0842 8.5309
0.2000 7.3938 7.8780
0.3333 6.6647 6.6243
0.4629 19.5606 6.0592
0.5000 48.3974 6.3032
0.6667 350.6132 28.7881

To see more clearly, we depict the figure of sign(G,_, —G,_;) here.
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From the figure we can see that when the traffic is very light (approximately less than 0.2 vps ),

exactly one tollbooth per incoming travel lane works better but when the traffic is relatively
heavy our model works better. Since we use the expected A of the year to determine the

value of m, in our model, the actual value of A should vary near 0.4629. So in most time

of the year, our model works better while only in some limited time periods does the 3
tollbooths work better.

The Development of The Model

What About Different Paying Styles?

In the “Single lane-Multiple tollbooths” model and the “Multiple lane-Multiple tollbooths”
model, we supposed the serving time of every tollbooth is the same, i.e. 4 is a constant. But
in the real life, there are always several ways to pay the toll, such as Electronic Toll Collection
(ETC), Automatic Coin Machine (ACM), credit card, debit card and cash. Different paying
methods cost different serving time. Here we could simulate this factor by giving different

~ to different tollbooths. The serving time of the i tollbooth is denoted by 4.

k
Suppose there are & kinds of paying styles, m, tollbooths for the 7™ kind. Zmi =m.

i=1

.23.
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The ratio of those who select the i ™ style to the total vehicles is denoted by @; - The tolerable

number of waiting vehicles in the line before a driver would choose another paying styleis L.

To complete the model for this case, we need to set the selection behavior of the drivers. The
similar problem has been studied before in the reference [2]. In that paper, the authors set this
selection behavior: Every tollbooth could provide all kinds of paying styles, but ysually each
tollbooth only provides one certain style. Only when one line is too long, would those with
shorter lines provide the chief paying style of this one. The authors have proved that this
method works better than the usual two styles: “to offer all types of payment systems in all
booths” and “to have separate toll booths for each payment type”. In our opinion, this selection
behavior is not definitely the best choice since the styles changing in the same booth costs

much time.

Here we set the selection behavior of a vehicle to the different paying styles as: A driver would
choose the style he or she thought if the length of the line is tolerable. But if the line is too long,
he or she would choose the shortest one of all other lines and would pay in the corresponding

style. Followed is the “Process Block™ for this model:
Process Block 2

Single lene with mutiple booths and different payments type. :.

[Traffic flow with difieren]
payment ype.

Available &t prioc payment booth

Go serving at once. Waitin queue.

\

Headio exit, leave)
ol wait fo leave
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Process Block 3

Vehicle type and
favourite payment,
chopse abooth.

'?/ Booth is free
Get serve with

different time cost,

Wait in queue. |—s{according to vehicle

type and payment
ype.

At exitwait if block
or lgave as quick
as possible.

® Strengths and Weaknesses of The Model

Strengths:

1.

We start with a simple model and then step-by-step we improve it by adding some more

practical factors.

2. We divide the whole process into two related sub-systems to resolve different parts through
different methods: the theoretical analysis and the computer based simulation. The shortage
of the first one could be remediell by the second one.

3. The goal function of the model takes into account two chief aspects, which is reasonable.
The adjusting number coordinates the effect of these two factors well.

Weaknesses: ‘

1. Ttis hard to get the real data. In the simulation of our model, only the “2003 average daily
traffic counts” is from the official website. Some data is from the reference [2], and all the
other data is estimated by us. This makes us unable to do the test of assumptions and
models.

2. In the process of simulation in different models, we always select fixed weight coefficients

and adjusting number while they may vary in different plazas and should be determined by

the managers.
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3. We assume that the serving time for a vehicle at a given tollbooth conforms to the negative
exponential distribution. This causes the large fluctuation of the simulation results, thus
leading to the longer simulation time.

4. In the model with different paying styles we do not consider the ETC type because it is
very different with other types and hard to process together with others.

® Our Future model

1. The fundamental reason for the blockage at the exit

When the number of one group of getting out vehicles exceeds that of the lanes in the highway,
some of them would have to wait. If more than one vehicle try to drive onto the same lane, the
blockage will happen. So the fundamental reason for the blockage at the exit is the crateriform
exit of the plaza. So if we could settle down the “crateriform exit” problem, the average waiting

- time when a vehicle tries to get out the toll plaza may be reduced significantly. .

Picture 2

U Tolibooth

D Vehicle

Cateriform
Exit

2. The future model

In our opinion, the tollbooths in the way would cumber the traffic flow greatly even we find the

optimal number of the tollbooths. To solve the problem fundamentally, we propose our future

model below.

We would build several sub-plazas along the highway and a checking passage at the end of the

highway as the following picture shows.
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Picture 3
= SUb-Plaza . Sub-Plaza Checking
Y\K /f? \ Passage
- —

Everyf vehicle can choose any of the sub-plazas to pay the toll during his or her driving. Of
course, at the entrance of each sub-plaza, there is a real-time electronic board telling all the
later sub-plazas’ status (the queueing vehicles there, etc.) to help the drivers making their
decisions. After paying, the driver would get a one-off card, which would be used later in the

checking passage.

The checking passage is an electronic passage to check whether a passing vehicle has paid the
toll in any sub-plaza according to the card holding status of the driver. This system is like the
one used in the large bookstores to prevent book stealing and it can let the vehicle pass without
speeding down. If a vehicle were detected not to have paid the toll, the system would record the

car- number of the vehicle by a camera and it would be fined later.

2.1 Additional assumptions

a) Every two neighbored sub-plazas have an adequate long distance to avoid the
interactional interference between the getting in and out.

bj The expected serving time of each tollbooth is the same.

c) t,, isalways 0. In fact, for a given sub-plaza, since the exit of it could be as wide as
possible in this case, the crateriform exit problem is fundamentally resolved and no
blockage at the exit would happen. And because those in the main traffic flow are
running at the normal speed, the distance between every two neighbored vehicles is
quite long, so the getting out vehicle could return to the main flow without effort
(One chief reason why the vehicles block at the exit in the current situation is the
slow speed, hence the short distance between two neighbored vehicles). In all, there

is no blockage and coming back to the highway from the exit of the vehicle cost
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almost no time, so £, is always 0.
d) Every vehicle could choose the sub-plaza with the shortest expected waiting time
with the help of the real-time electronic boards. This assumption could guarantee that

all sub-plazas could be seen as a whole one.

2.2 The model

Under these assumptions, the model equals to the “Multiple lanes-multiple tollbooths™ except
for £,, =0 now. So, the goal function now is
G(t,.p) = oyt,, + 0,E|p-p)|
= (t,, +fs)+6024f’p—Pol

m—1 n © m _n
= —g—— FEmy el 5 m ol
me(m-Dtuy(l-p)c H n=0 " n=m M
1 A
% =—, p=—
H my

2.3 Comparing this model to the initial model
Now we would compare the value of 7, (because the p s here are also the same) in the initial

model and our future model when the value of A, n and m are given.

We choose different Asand n=3, m=4 forthe comparison. And here are the results:

Table 4
A f, (Our future model) £, (The initial model)
0.6 vps 14.0333 5 19.8 s
0.4 vps 6.8194 5 80s
0.2 vps 6.2069 s 7.0331¢s

From the table above, we can see that when A values near the expected A of a year,
A=0.4 vps , our future model works better. To make more complete and convincing

comparison, we also choose another two As: A=0.6 vps, which means a rather heavy
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traffic happened in the peak traffic times of a year; 4=0.2 vps, which means a light traffic.
We find for these two cases, our future model is also better than the initial one, Moreover, we
can note that when the traffic becomes heavier and heavier, the advantage of our future model

is more and more obvious.

To show the advantage of our future model more clearly, we use more A s to get the following
figure:
£
Figure 4

Simulation result compare bar
10 T T T T T 1

Time delay diff, between initial model and our's(Sec.)
(3,3
T

1 0 1

Q 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Traffic coming rate(vps)

This figure shows the tendency of 7 (nivay — 1, (futue) 8 A increases. When the traffic is
not too heavy, the advantage is relatively small. This is because at those times, f,, of the
initial model is very small due to the light traffic. But when the traffic is very heavy, the

advantage is quite obvious since the #,, of the initial model is large and becomes one of the

chief factors for the long 7, .

2.4 Evaluation of the future model
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The greatest advantage of our future model lies in eliminating the blockage at the exit, thus
significantly improving the current method. And unlike the ETC, this does not cost drivers too

much money.

But some aspects of the model need more consideration.

a) The key part of the model is the real-time electronic boards. The more precise_guide it can
provide, the shorter the ayerage waiting time would be. In fact, the character of the system
is to guide the drivers to choose the best sub-plaza. This guiding system is very common
nowadays, such as the famous Quickpass System '°!. But the Quickpass System is not
mature now and needs to be improved, so our model would work best only when the
Quickpass System is finished.

~ b) The building of sub-plazas will cost more than merely building a single large plaza. And

the building of them has constrictions on the place, so they cannot be built everywhere

along the highway.
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